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Abstract. The paper shows the boundedness and compactness of the operator generated
by a vector potential with a weak singularity in generalized Holder spaces.
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1. Introduction and Problem Statement

It is known that (see [1, pp. 153-154]) the internal and external electrical boundary-value
problem is reduced to a system of integral equations depending on the potential vector
with a weak singularity

(Af) (x) = 2/% (@,y) [n(x),[n (), fW]d2y, ©=(x1,22,25) €2, (1)

2

where 2 C R? is the Lyapunov surface with the exponent 0 < a < 1; n(z) =
(nq (x) ,m2 (x),ng (z)) is the outer unit normal at the point & € §2; the notation [a, b]
means the vector product of vectors a and b; f (z) = (f1 (x), f2 (z), f5 (x)) is the vector
function continuous on the surface {2,

exp (ik |z —yl)
Py, (z,y) = Tirle—y

, my e R, ay,
fundamental solution of the Helmholtz equation Au+k?u = 0, A is the Laplace operator,
and k is a wave number with Imk > 0.

Note that some properties of the operator generated by the derivative of the loga-
rithmic potential of the double layer were studied in [6]; some properties of the operator
generated by the derivative of the acoustic potential of a simple layer were studied in [5];
and some properties of the operator generated by the normal derivative of the acoustic
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4 Some properties of one class of vector potentials

potential of a double layer in generalized Holder spaces were studied in [4]. It should be
noted that in [1, pp. 73, 154] it is shown that if (2 is a closed and twice continuously
differentiable surface in R3, then the operator A works boundedly from the space of
continuous functions onto the Holder space and is compact in the space of continuous
functions, as well as in the Holder space. Here we prove the validity of the Zygmund type
estimate and study some properties of the operator generated by the vector potential (1)
in generalized Holder spaces.

2. Estimate of A. Zygmund Type Estimate for the
Operator Generated by the Vector Potential (1)

Let us introduce the modulus of continuity of a vector functionf € C (£2):

wy (8) = ﬁyaf;g'f(x) - fW)l,6>0,
z,ye

where

1f () = f (W)l = \/(f1 (@) = 1) + (f2 (@) = f2 () + (f3 (2) = f3 ()7,

and C (£2) denotes the space of all continuous functions on the surface {2 with the norm
Iflloe = max |f (x) |. Since the function w; (§) does not have the property of semi-
e

additivity, the function ”corrected” by S.B. Stechkin is chosen as the main characteristic

wy (0) = 6supwf7(7-),(5 > 0.
T>0 T
It is known that the function wy (4) has the following properties: wy (6) is non-negative,
semi-additive, and non-decreasing; the function wy (6) /6 is not increasing; %ir% wr(d)=0
—

and wy (C0) < (1 + C)wy (8), where C = const > 0.

Let us denote by d > 0 the radius of the standard sphere for §2 (see [7, p. 400]) and let
2. (x)={ye 2: |z —y| <e}, where z € 2 and ¢ > 0. It is known that for each x € {2
the set 24 (x) is projected uniquely onto the set IT4(x) lying in the tangent plane I'(x)
to £2 at the point . On the piece £24(x) we choose a local rectangular coordinate system
(u,v,w), with the origin at the point z, where the w-axis is directed along the normal
n (z), and the u- and v-axes lie in the tangent plane I" (z). Then in these coordinates
the neighborhood 24(x) can be defined by the equation w = 9 (u, v), (u, v) € Iy(z),
where ¢ € Hy ,, (I14(z)) and ¢ (0, 0) = 0, W =0, w = 0. Here Hy o (I14(x))
denotes the linear space of all continuously differentiable functions ¢ on I, (z), whose
gradi satisfies the Holder condition with the exponent 0 < o < 1, i.e.,

|gradi (uy,v1) — grad ¥ (ug,ve) | <

< My <\/(U1 — u2)2 + (v — Ug)z)a WV (w1, 1), (uo,v2) € Iy(x),
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where My is a positive constant depending on v, and not from (uq,v1) or (uz,vs).

Theorem 1. Let 2 C R3 be the Lyapunov surface with the exponent 0 < a < 1 and
vector functionf (x) = (f1(x), f2 (z), f3(x)) be continuous on the surface §2. Then for
any points x', x” € §2, the following estimates are valid

h

d
((Af) (&) = (Af) (2")| < M; (ho‘+/wjv(r)dr+h/wf(r)dr) for 0<a<1,
h

r
0

h d
[(Af) (z) — (Af) (") < My (h|lnh|+/wf (r)dr +h /wfr(r)dr) for a=1,
0 h

where h = |2’ — 2" | and My is a positive constant depending only on (2, k and f.

Proof. Let’s take any points ', x’/ € {2 such that the value h is less than d/2. It is not
difficult to see that

(Af) (z) = e1 ((Ainf) () + (Ar2f) (x)) +
tez ((A21f) (z) + (A22f) (z)) + e3 ((Az1f) (x) + (As2f) (),

(
where e; = (1,0,0), e2 = (0,1,0), e3 = (0,0, 1),

(A f) () = 2nz (x) [ Dr (2, y) (n1 (y) f2 (Y) — n2 () f1 (y)) dS2y,

b\

(Ar2f) (z) = 2n3 (x) | Px (2, y) (n1 (y) f3 (¥) —n3 (v) f1 (y)) dS2,

(A21f) (z) = 2n3 (z) | Pk (z, y) (n2(y) f3 (y) —na (y) f2 (y)) dS2,
(A22f) (z) =201 (z) | Pk (x, y) (n2(y) f1(y) —n1 (y) f2 (y)) dS2,

(As1f) () = 2n1 () [ Pr (2, y) (03 (y) f1 (y) = na (y) f3 (y)) di2y,

R R D B

and
(As2f) (x) = 2n2 (2)

—

D (7, y) (n3(y) fa (y) —n2(y) f3(y)) di2,,.
o

It is not difficult to show that the following representation is correct:

(A f) (') = (A f) (&) =
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=2(n2 (2') —na (2")) / Di. (', y) (n1 (y) f2 () = n2 (y) 1 (y) dO2y+
2\ 2a(a")

+2ng (") / (Pr (2", y) — Pr (2", ) (n1 (y) fo (y) —n2 (y) f1 (y)) dO2,+
2\ Lala")

1205 () / i (', y) (1 () o (9) — 2 () o (9)) —
2ny2(x’)U 2n ()

—(n1 (2") f2 (") = na (2") f1 (2))) dS2,—
2, (2”) / By (2", ) (m (9) fo () —n2 () f1 () —
2ny2(x')U 2ny2(2’)

= (n1 (2") fa (&") = na (2") f1 (2"))) d2,+

+2 / ((n1 (y) f2 (y) —n2 (y) f1 (v) = (1 (27) fo (2") — a2 (27) f1 (2))) x
Qd(I')\(th(w') U-Oh/2(w”))
x (ng (') Dy (27, y) — na (2”) Dy (2, y)) dS2y+
+2((n1 (@) f2 (") = n2 (27) f1 (27)) = (n1 (2") f2 (2") = 2 (27) f1 (27))) x
xng (') Dy, (2", y) d2,+
Qny2(2’)U 24 j2(2")
42 (ny (2') f2 (2) — na (2') f1 (2")) /(nz (@) i, (2, y) — a2 (27) D (2", y)) d2y. (2)
2q(z")

We denote the terms on the right-hand side of equality (2) by K1, Ks, K3, K4, K5,
Kg, and K7, respectively.
According to the definition of a Lyapunov surface with the exponent 0 < o < 1,

n(z) —n ()l < Mz —y*, Vao,ye 3)

Then, considering that

P () = / By (@, y) (m () fo (0) — m2 (9) (1) A2y € 2,
O\2q(x")

is a proper integral, we have:
|| < M[fllo b7

It is obvious that the function P (z) is continuously differentiable on the surface (2.
Then
K| = 21ng (") (P () = P (&) < M || fllc

1 Here and below, M will denote positive constants that are distinct in different inequalities.
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Let us represent the expression K3 in the form Ks = 2ns (z') (K4 + KY'), where

Ky = /@k (@', y) ((n1 () f2 () = n2 (y) f1 (9) = (0 (&) fa (&) = ma (2) f1 (27))) dO2

24, /2(x")

and

Ky = [0 ) (00 () £20) = 12 0) i () = (0 (&) fo (&) = ma &) o ))) 42
2y y2(z")

Since

(n1 (y) f2 () = n2 () f1r (v) = (1 (27) f2 (2") = ma () fu () =
= (m (y) —m (@) 2 (v) + (f2 () = f2 (")) a (@) +
+(n2 () = n2 () f1 () + (J1 (") = fr (W) m2 (v), (4)

then taking into account inequality (3) and the continuity of the vector function f ()
on the surface {2, we obtain that for any y € 2/, (2’) the following inequality is valid

[(n1 () f2 () = n2 () f1 () — (na (&) f2 (27) = ma (27) f1 (2))] <

<M ([flloo ly = 2'1" +wy (ly = 2'])) -

Therefore, using the formula for reducing a surface integral to a double integral (see [2,
p. 276]) and moving to the polar coordinate system, we find:

£ lloo v = 2" + wy (ly — 2"])

K3 < M — d$2, =
2ny2(z")
—M Il (V5 02)" 4o (V5 07)
Vu? + v?
Iy o (z)

o () (s

2 2\ % 2 2
SM// I lloe (V2 +02) +wyp (Va2 +02)
w2 4v2< (h)2)? Vu? 4+ v?
mh/2 h
// 1/ lloc 7 +wf( ) rdrdr < M (||f|ooh1+o‘—|—/wf (r) dr) .
0 0

Moreover, taking into account the expansion (4) and the inequality

h/2 <ly—a'| <3h/2,y € 235 ("),
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we obtain: o .
K< ar Sl ly = 1" g (y =) )
ly — a'|
Qpy2(2")
M (3h/2)% | fllw +wy (3h/2
< MG I+ 2) 42, < M (11 B 4y () 1),
Qpy2(x)

Since,

h h h
2
1
/wf (r)dr = /Lfr(r)rdr > wfh(h) /rdr = wfh(h) % = 3wr (h) h,
0 0 0

we get that

h
K51 < (Il 4 [ (r)ar
0

Summing up the obtained estimates for the expressions K% and K4, we obtain the
estimates:

h
Kol <31 (110 + [y (yar | o)
0

Proceeding in exactly the same way as in the proof of inequality (5), we obtain the
validity of the estimate

h
|Ky| < M ||f||ooh1+°‘—|—/wf (r)dr
0

Now let us evaluate the expression K5. Taking into account the inequalities

1
2" —y| > B " — 2|,y € 24 (") \ (Qh/z (") U 2,0 (I”)) ;
and .
2" —y| > B 2" —2"],y € Qq(2")\ (L2 (&)U 2o (7)),
we obtain the validity of the following inequalities:
2" =yl <2’ —a"[+|2" —y| <3|2" —yl,y € 2a(@')\ (2ny2 (2") U 22 (2))

and
2" —y| <32 —yl,y € Ra (') \ (Qns2 (2') U2y () .

Then for any point y € 24 () \ (22 (z') U 21,2 (z”")), we have:

[n2 (27) @k (2, y) — na (27) By (2", y)| =
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= [(n2 (2') = n2 (2")) Pr (2, y) + (Pk (2, y) — Di (2", y)) m2 (a”)] <

7 — e o =2+ | — e he h
<M | : =] |+ 12/|| | <nM(— N . @
[ =yl |2’ =yl |2 =yl |2 —y

As a result, taking into account the expansion (4) and the formula for reducing a surface
integral to a double integral, we obtain:

N he h
K| < M / (Il = 21+ wy (jy — 2 [ e + > ) e, =
@ =yl |2y
Ra(x")\2p 2(z")

ds? ds?
L L = 11 I N B =
2" =y

ja — y* 7
R4(x")\2p /2 (x") R4(x")\ 2 2(2")

— o
T T A BT ST
2" =y |z’ — y| ‘
04q(x )\ 2, /2(2) 2q(z")\2p/2(2")

d
<M Hf||ooho‘+h/wf(r)dr
T
h

Substituting y = 2" into expansion (4), we find:
[(n1 (&) f2 (2') = n2 (2) f1 (2)) — (na (2") f2 (2”) = n2 (2”) f1 (2"))] <

< M ([[fllo B +wy (R))-

Then, taking into account the inequality
h/2 <y —a"| < 3h/2,y € 22 (2'),

and using the formula for reducing a surface integral to a double integral, we obtain the
following estimate for the expression Kg:

ds? ds?
Kol <M o — -
T B o e
$2ny2(2’) py2(z')
. 2 dg
SMflohror @y (5 [ ae [T

2p)2(z") 2ny2(x)

h
< M (|[flls B +wp (R)R) <M anoohl*w/wf (r) dr
0
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From inequality (6), we obtain

he h .
K <Ml [ (w it _y|2> A2, < M |l (4 + i ).
Qd(z’

As a result, summing up the obtained estimates for the expressions K, Ko, K3, K4, K5,
K¢ and K7, we find:

h d
(i) @) = (Anf) @) < My [0+ hpid+ g (yar+n [ 204
0 h
As you can see, if 0 < a < 1, then
h d
A @) = W) @) < My (0 4+ [ap@raren [220 ),
0 h

and if 0 < a < 1, then
h d

‘(Allf) (.’El) — (Auf) (3?//)| S Mf h |ln h| + /U.)f (7") dr + h /wa(T)dT
0 h

It is easy to show that similar estimates are also valid for the expressions (A12f) (),
(A21f) (), (A22f) (z), (As1f) (z), and (Asaf) (x). This completes the proof of the the-

orem. |

Theorem 2. Let 2 C R? be the Lyapunov surface with the exponent 0 < a < 1 and
the vector function f (x) = (f1 (z), f2(x), f3 (z)) be continuous on the surface 2. Then
Af € C(2) and

h diam 2
way (h) < My ho‘—f—/wf(r)dr—f—h / wa(T)dr for 0<a<1,
0 h
h diam Q2
way (h) < My h\lnh|+/wf(r)d7'+h / wa(r)dr for a=1,
0 h

where h € (0,diam 2] and My is a positive constant depending only on 2.k, and f.

Proof. The continuity of the function (Af) (z) on {2 follows directly from Theorem 1.
Let
h diam (2
R+ [wg(r)ydr+h [ wa(T)drfor0<a<l,
ZO (h) = 0 h " diam 2
hllnh|+ [wf(r)ydr+h [ wffmdr fora=1.
0 h
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Applying L’Hépital’s rule, we obtain

diam §2
diam 2

wy(r) dr
. e, o e
lim A ——2dr = lim T = lim — = lim hwy (h) =0,
h—0 T h—0 % h—0 —= h—0
h

which means that lim Z, (h) = 0.
h—0

Since the derivative of the function Zj (h) is non-negative, i.e., the function Zj (h)
does not decrease, then from Theorem 1 we obtain:

war (h) = max
‘.’r/—.’r”|§h
',z e

[(Af) (=) = (Af) (=")] <

<My max Zo(lef -
' —x| <
'z en

2"|) =M Zy (h),h € (0,d/2].

Further, taking into account that the derivative of the function Zy (h) /h is non-positive,
i.e., the function Zy (h) /h does not increase, we have:

way (h) = hsg%w"%m < hS;lIZ MfZTo (1) _ thZho (h) _ M;Zo (h) b e (0,d/2].

Obviously, this estimate is valid for all h € (0, diam 2]. The theorem has been proven.

<«

3. Some Properties of the Operator Generated by the
Vector Potential (1)

We introduce the following class of functions defined on (0, diam {2]:

s@={e: o1 fime =0, o0 /n}.

and let’s consider the function

diam §2
J @dr for0<a<1l,
h

h diam 2
hinh|+ [@(r)dr+h [ €2
0 h

h
h* + [ (r)dr+h
Z (h,¢) = ’

==dr fora=1,

where the sign T means non-decreasing functions, and the sign | means non-increasing
functions. Where it will not cause misunderstanding, we will sometimes write Z (h) and
Z () instead of Z (h, ). In the proof of Theorem 2, it is shown thatZ € J ({2).
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Let ¢ € J(£2). By H () we denote the linear space of all vector functions f defined
on the surface {2 and satisfying the condition

|f (@) = fW)| < Mpp(lz —yl), 2,y € 92,

where My is a positive constant depending on f, not on the point x or y. As can be seen,
if f € H(p), then the function f is uniformly continuous on (2. Moreover, it is known
that (see [3, p. 60]) the space H (y) is a Banach space with the norm

- 1 @) = 1)l
11y = Hf'ooh?;gg el —yl)

The next theorem follows from Theorem 2.

Theorem 3. Let ¢ € J(§2). Then the operator A acts boundedly from space H (¢) onto
space H (Z (p)).

Let ¢ € J (£2) and %in}) Zé?,’:;) = 0. It is known that (see [3, p. 70]) the space H (Z (¢))
—

is compactly embedded in the space H (¢). Then the following theorem is true.

Theorem 4. Let ¢ € J(2) and Z (h,¢) = o(¢(h)), h — 0. Then the operator
A: H(p)— H(p) is compact.

Let us denote by Hg the Holder space with the exponent 0 < 3 < 1, i.e., the space
Hg is the space H () at o (h) = hP. Tt is obvious that if f € Hg, then

R for 0<a<,
Zo(h){h|lnh| for a=1.

Then we obtain the following corollary from Theorems 3 and 4.

Corollary. The operator A acts boundedly from the space Hg onto the space H, and is
compact in the space Hg for 0 < ff < a.

It should be pointed out that, in particular, if a = 1, then from Corollary we obtain
the result of the work [1, pp. 73, 154] for the compactness of the operator A in the space
Hg.
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