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Abstract. In this manuscript renewal-reward process is investigated and an exact for-
mula for the third moment of this process is obtained. Moreover, as main result, an
asymptotic expansions as for the third moment is derived.
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1. Introduction

The renewal-reward process belongs to the class of the stochastic processes of discrete
interference of chance. There are many important results in the scientific literature re-
lated to this process (see, for example, [1]-[5], [7], [8], [10]). Renewal-reward processes
are applied in insurance and reliability theories. In the present study, the asymptotic
expansion for the third-order initial moment of the renewal-reward process is given.

Let random vectors (&,,m,), n > 1 be independent and identically distributed. In the
general case, the random variable 7, is assumed to depend on the random variable &,.
Let’s denote the distribution function of &, by F : F(x) = P{&, < z}.

Let’s introduce the following sum:

v(t)
Sl/(t) = Z Mns (1)
n=1

where v(t) = max{n: T, <t},t > 0 is the renewal process (see [6]) and T}, = > &,
i=1

n=1,2,.... The process S, (), t > 0 is called as renewal-reward process and represents
the sum of the rewards obtained up to time t. It is easy to see that, the renewal-reward
process is a generalization of the renewal process. So, in the special caseif n, =1, n > 1
we obtain that S, ) = v(t).
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Fiq. 1. One of realizations of the renewal-reward process

2. Main Results

Denote the third order moment of the renewal-reward process (1) by Ds(t) and the
mathematical expectation of the renewal-reward process by M, (t) when the rewards are
given by np (k> 1,n>1):

v(t) 3 v(t)

Ds(t)=E (Suw)’ =E D m | » Mu®)=E [
k=1 k=1

It is clear that, Dy (t) = M;(t) = D(t), where D(t) is the mathematical expectation
of the process (1).

Our main purpose is to obtain an asymptotic expansion for Ds(t) as t — oo. For this,
we will obtain exact formula for D3(t) in terms of M (t), Ma(t) and Ms(t). Then using
asymptotic expansions for M, (t), n = 1,2,3 will take us to our main purpose.

2. 1. Exact formula for D3(t) in terms of M, (t), n=1,2,3

Let F*() be the k-th convolution of F, and let

dF*®) (t)
frlt) = TAH()
where H(t) = FE (v(t)) is a renewal function. Since

o0

H() =Y F*® ),

k=1

it follows that H(t) = 0 implies that all F*(*®)(¢) = 0; thus F*(*)(t) < H(t), and fx(t) is
well defined.
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Denote
Ml*MQ / M1 f—.’L‘)dMg( )

MO () = / M@ (t — 2)dM, (z).
0

To obtain exact formula for D3(t) in terms of Mi(t), M2(t) and Ms(t), we first need
to prove the following lemma.

Lemma 1. Let random vectors (&,,m,) , n > 1 be independent and identically distributed.
In the general case, the random variable n, is assumed to depend on the random wvariable
&n. Then

E Z 77]2‘77k = 2M; * M(t),
Ak
J.k<v(t)

E{ > mmm | =P,

i<j<k<uv(t)

Proof. Since

v(t) 00
an E(ZUkI{TkSt}> =
k=1

k=1

_y Ty = 5) dF*()(s) (OO E (ni|Tx = s) fi(s )) H(s)
kz_:/ (k| T / Z (k| T k

1

and
u(t) oo
Y| =E (Zﬁﬁf{Tk < f]’) =
k=1 k=1
:Z/O (2| T = s) dF*)(s) /O <ZE (3| T = ) fu(s )) H(s).
k=1
Therefore -
Cg\él(g) = E(m|Tw = 5) fuls),
k=1
T =S B GRIT =) (o)
k=1
Next

El > wm| =B mwmI{Ti<t}|=

G<k<v(t) j<k
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t t
= Z/ / E (UJQ»’TJ‘ = wl) E (nk—lek—j = Wy — wl) dF*(j) (wl) X

j<k ’LU1:O wo2=w1
XdF*(k_j) (’LUQ — wl) =
t t
1U1:O wo=w1 ]
x> B (kT = wa — wr) fi (wa — wi)x
k
dM; (w
xdH (wy — wy) dH (w1) / My (t ( dHl ((wll))) dH (wy) =
= / M2 (t — ’LUQ)dMl (’LUl) = MQ * Ml(t)
0
Similarly,

t
E Z 77]2‘77k :/ M1 (t—’LUg)dMQ (wl) :Ml*MQ(t).
k<j<u(t) 0

So,

El > pm|=E > wwm|+E| D nin | =2Mx M(t).

j#k J<k<v(t) k<j<v(t)
Jk<v(t)
Next
E o mmyme | =E{ D nymI{Te <t} | =
i<j<k<u(t) i<j<k
t t t
= > / / / (E(mm:wl)E(mfﬂiji:wz*wl)X
i<j<k w1=0 Jwa=wy Jwz=wz

xFE (nk7j|kaj = w3 — ’LUQ) dF*(Z) (wl) dF*(]iz) (’LUQ — ’LU1) dF*(kij) (’wg — ’wg)) ==

5ﬁﬂA;MA;MC;EWm=wMme

< 3" B (nj|Ty = wa —w1) f (wz — wy)x
J

X Y E (kT = w3 — ws) fi (w — wz) dH (ws — wa) dH (wy — wy) dH (wy) =
k
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t t

:/ / M1 (t—’LUg)dMl (wg—wl)dMl (’wl):Ml*Ml*Mlel*(g)(t).
wy1=0

This completes the proof of Lemma 1. <

Lemma 2. Let random vectors (&,,m,) , n > 1 be independent and identically distributed.
In the general case, the random variable n, is assumed to depend on the random variable

&n. Then
Ds(t) = 6M; 3 () + 6 My * My (t) + Ms(t),

where

Ml * Mg(t) = /O Ml(t — SC)dMQ(SC),

t
M® () = / M (¢ — 2)dM, (z).
0

Proof. Since
vty \° v()
Dst)=E Y m | =E > ni|+
k=1 k=1

+3E > wim | +6E S mimm | (2)
jEk i<j<k<v(t)
Jk <wv(t)
then using Lemma 1 yields us to the proof of this Lemma. <

2. 2. Asymptotic expansion for Dj(t)

Define
i = B, k>0,
1 M2
R(t)=H(t) — —t— ~2 +1.
TR
Set

whenever [ % [R(t)| dt < oo.

Definition. A distribution function F is said to belong to the class ¥ if some convolution
of F' has an absolutely continuous component.
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To obtain an asymptotic expansion for D3(t) we need to prove the following lemmas.
Lemma 3. If F €9 and py < oo, then

L peps
8t 6ui  24pi

r =
Proof. We will use similar method by Brown and Solomon [5]. From the conditions it is
implied that [11, p. 2]
. . 2 _ .
() lim 2R(1) = 0:
(ii) [¢|R(t)|dt < oo;
0
(iii) tR(t) is of bounded variation on [ 0,00) .

Brown and Solomon [5] obtained the expression for r:

o= M2 M3
G T

For r; consider the functions

g1(t) = t/:o xR(t — x)dF(x),

olt) = / 22R(t — 2)dF (z).

=0
By (ii) it can easily be proved that g; and go are integrable and

/ g1(t)dt = piry + paro,
0

/ gg(t)dt = H2TQ.
0

Also, using the same method in Brown and Solomon [5] it can be shown that g; and
g2 are of bounded variation on [ 0,00) . Thus, g; and go are directly Riemann integrable.
Now

¢
H(t) = F(t) +/ H(t — z)dF(z).
0
Subtract it + 2“722 — 1 from both sides and then multiply by #? to obtain
1
t
t?R(t) = / (t — x)*R(t — x)dF(z) + Z(t),
0
where

Z(t)=2g1— g2+ itQ /too (1—F(t))dt — 2”—:%1&2 (1—F(t)).
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By the key renewal theorem
~ L[~ 1 B4 p2p3
lim *R(t)=— | Z(t)dt=— (2 — .
Jim £ R(t) o /o (t) o ( pary + poro + 20 6
But, by (i), tlim t?R(t) = 0, thus
— 00
o2 e Polis M3 Jopis  pa
241 24p3 123 Spi o 6pf  24p3
This completes the proof of Lemma 3. <
Define
A= Erf = [ Bl = 0P, n.= () = [ Bl = o) dF@),
0 0
It is clear that ng o = px, no,s = As.
Define
L(t) = D(t) — at — b,
where @ = 21, p= Mtz _ M1
251 2y M1
Set -
I, = / EL@d, s> 0,
0
whenever [t |L(t)] dt < co.
Lemma 4. F €9 and pa, A1, na exist. Then
n3 Ham2 1
Iy = Mry +nparg + 6—/“ - 22 (3)

Proof. Note that since A; and n3; exist, then nq ; and ng; also exist. Also,

Thus, if ¢ (

ny
nw

,1
1

v(t) v(t)+1

Suty =D M= Y. M= ()41
i=1 i=1
Since v(t) + 1 is a stopping time [9]

D(t) = M (H(t) + 1) = E (nt)+1) -

Subtracting at + b from both sides and multiplying by ¢ we obtain

n
tL(t) = MtR(t) +t (f ~E (ny(t)ﬂ)) :

) (nu(t)+1)) is integrable, then

H1

< [n
1 =M +/ t (i —F (ny(t)+1)) dt.
0
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ni1 1 &
s = F =ux)dF(x 4
w m ), (m[ér = ) dF (x) (4)

and [10, p. 134]. So, it is not difficult to see that,

E (noys1) = / Emle = 2)dF(x) + / "B (& = x) (H(t) — H(t — x)) dF(x).

It follows from (3) and (4) that

~L (Uu(t)+1) = / E(m|& =) (R(t —z) — R(t)) dF (z)—
M1 0
_/tOOE(Uﬂ‘El = 2)dF(z).
Thus
/o t % — E (Nuy+1)| dt < 2E|771|/0 tIR(t)| dt + E (& |771|)/O |R(t)] dt+

) 3 w 1
o E (&l Iml) + 5 <2—:% + 1) E (& Im]) + 5B (& Iml) < oo.

Thus ¢ ("1’1 —F (ny(t)ﬂ)) is integrable, and

K1
oo
ni,1 H2 n3,1
t| —— — v dt =niiro — —5n21 + —.
/0 ( [ (77 (t)+1)) 1,170 12 2,1 6111
This completes the proof of Lemma 4. <

Denote
Lk(t) = Mk(ﬁ) — axt — by,

_ Ak _ Arp2 _ N1k
where aj, = e b = 2002 T
Set

lk75 = / tst(t>dt, S = 0, 1,
0

whenever [ 1% |Li(t)| dt < oo.

Lemma 5. Let F(x) be a strongly non-lattice distribution function, F' € ¥ and A\, [4,
ngp, exist, where n = max(i, j), i,j > 1. Then

Mi * M](t) = ai*_th + bi*jt + Cixj + Ll*](t)’
wh@re ai*j e %aia’j’ b’L*j = ajb’b —+ aibj’ Ci*j = bzb] + ajli,o + ailj,07

Lijt)=o0(t™"), t— .
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Proof. According to the Theorem 2.1 from [1], we can write
My (t) = agt + bp + Li(t), k=1,7,

_ M _ kM2 _ N1k _ -2
where ay, = X, by = et Li(t)=o (t ) , t— oo.

Also, from Lemma 4,
/ t%|Li(t)|dt < o0, s=0,1; k=1,j.
0
Then

t
1
Mi * Mj(t) = /0 Mz(t — ZL')dM](ZL') = §aiajt2 + (ajbi + aibj) t+ bzbj+
—l—ajlw —aj / Lz(ac)dac + ailj,o - ai/ Lj (x)dac + biLj(ﬁ)‘i‘
t t

t
+/ Lz(t — ZL')dL] (SC) = ai*th =+ bi*jt =+ Ci*j =+ Li*j (t),
0

where

1
Qixj = Qaiaj, bi*j = ajbi + aibj, Cixj = blb] + ajlw + ailj70.
It is not difficult to see that
‘t/ Ly (z)dx §/ t|Lg(z)|dx — 0, t — oo.
t t

Therefore,
/ Lig(z)dz =o (til) , t—o0, k=1,j.
t

For the third term of L;.;(t), we will use Laplace transform. Denote

A(t)t/o Li(t — 2)dL;(x).

o~

Denote Laplace transform of A(t) by A(«):

E(a):/ e‘atA(t)dt:/ e—aldLj(x)/ te” ™ L;(t)dt+
0 T t

=0 =0

+/ zefo‘dej(:c)/ e ' L;(t)dt.

=0 t=0
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Since lim ag(a) = 0, thus by the Tauberian theorem tlim A(t) = 0. Therefore,
— 00

a—0

t
/ Li(t —z)dL;(z) =o(t™"), t— oo.
0
Consequently,
Lijt)=o0(t™"), t— oo
This completes the proof of Lemma 5. <

Corollary 1. Let F(x) be a strongly non-lattice distribution function, F € ¥ and Ag,
ta, n3 o exist. Then ast — oo

My # Ma(t) = arat® + braot + c1a2 + L1sa(t),

where ayo = Laras, b = asby + arba, cria = bibs + aslio + arlag, Lisa(t) = o (t71)
as t — o0.

Corollary 2. Let F(x) be a strongly non-lattice distribution function, F € ¥ and A,
ta, N3 exist. Then ast — oo

M) = a;®e + 07Ot + ;P + L),
“(2) _

where a;,~ = 1aZ, bZ(Q) = 2axbg, 02(2) = b7 + 2aklk0, LZ(Q)(t) =0 (t_l) , as t — oo.

N =

Lemma 6. Let F(x) be a strongly non-lattice distribution function, F € ¢ and A1, p4,
ns,1 exist. Then ast — 0o

M) = a}Pe 40702 4+ e+ P+ 1P ),

where ai(g) =i a*(2) b*(g) = %aﬂff(?) + aT(Z)bl, ci(g) = aic NS b*(2) + 2a*(2)ll70,
d*{(3) = allr( ) 4 blci(Q) + b1(2)1110 - 2ai(2)l171 and L*{(3)( t)=o(1), t— oo.

Proof. Since

M (¢ / M3 (¢ — z)dM,y (z),

by using Theorem 2.1 from [1] and Corollary 2, we can write:

M, (3)( t) = 3 a1(2)t3 + (§a1b1(2) + a1(2)b1) 2+ (alcl(Q) + b1b1(2) + 2a1(2)ll70) t+

(all*( byt ® @y za’{@)zl,l) - al/ L (2)da—
t

- (QaT(Q)t + bT(Q)) (tLl(t) —|—/ Ll(x)dac) + aT(Q) (tQLl(t) + 2/ xLl(:c)dx) +
t t

t
+/ Lyt —2)dLi(z) = a}Pe + 07982 + Ot 4 @ + L} ),
0
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where af(g) = %alafa), bf(g) = %ale@) + af(z)bl, ci(g) = alcT@) + blb:@) + 2ai(2)ll70,

& = ali? 4+ 5,6 4+ 120 0 — 201?01 and

L;«(B) (t) _ —aT(Q)tQLl(t) _ b’{(Q)tLl(t) — al/ L’I@) (z)dzf

t

o] 00 t
— (2ai(2)t + bi@)) / Ly(x)dx + 2ai(2) / xLqi(x)dx + / LT(Q)(t —x)dLq(x).
¢ ¢ 0
Since L1 (t) = o (t2) as t — oo, then
tLi(t)=o(t7"), t*Li(t) =o(1), t— oo.

It is not difficult to prove that LT(Q) (t) is integrable and

l;(2) = / LT(2)(t)dt = —2@1[171 + 2b111,0.
0

By taking into account this and Lemma 4, we can write
/ L*{(Q)(x)dx =o(1), / xLq(z)dx = o(1), / Li(z)dz =0 (t™"), t— oo,
t t t

Denote the Laplace transform of the last term of Li(s) (t) by Ls(c):

00 t
Ls(a) = / e / L (t — 2)dLy (z)dt = Li(a) - La(ev),
t=0 x=0
where L1 () and La(a) are the Laplace transforms of Ly (t) and L*{@)(t), respectively:

[e%e} t [e%e} t
Ll(a):/ Oe*at/ OLl(x)dxdt, LQ(a)z/ Oe*at/ OL’{@)(x)dxdt.
t= r= t= =

Since lim aL(a) = 0, so by the Tauberian theorem tlim fot LT(Q) (t —x)dLi(z) = 0,
—00

a—0
thus ,
@) :/ L't — 2)dLy () = o(1), ¢ — oo,
0
This completes the proof of Lemma 6. <

Theorem. Let F(x) be a strongly non-lattice distribution function, F' € 9 and A3, {4,
ng,3 exist. Then as t — oo.

Dg(t) = D373t3 + D372t2 + Dg,lt + Dg,o + 0(1),

where

. A
Dss = 6a;® =25
1

)
1
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D3 =61 + 6010 =

3

9_)\% ()\1#2 - M) + 3)\1)\2 . 9)\?#2 . 9)\%7’1,111 + 3)\1)\2
2 \ 9,2 2 T 9,4 3 2
1 M1 H1 Ky Ky M1 K
D3, = GCT(B) + 6b142 + a3 =
_ N 13 B 54N2 pany 1 + 33 s n 18)\1”?11 + 9ATng1 + 6A1 A2 /2 ~ 6Aan 1+ 6Aing o Jrﬁ
(3 It I I 1’
D3g = Gdf(g) +6cre2 +b3 =
_ 6T 113 _ 2703 p3n1 1 + 3N g + 3)\?M2M3+
I 13
+54)\1,LL27’L%1 + 24)\%7’1,111 + 54)\%#27’1,211 + 3)\?#4 + 12)\%#37“71 - 18)\1)\2#% -
Ayt
B 6”%,1 + 18A1ng1m2,1 + 6Aapany 1 + 61 pany 2 + 2A Aaps N
It
12n1 1012 + 6XAan2 1 + 6 in2o + Asp2 3Aing 1 +ni3
+ s - :
H1 H1

Proof. From Theorem we can write
Ds(t) = 6M; P () + 6]y « My (t) + Ms(t).
From Corollary 1 we can write
My % My(t) = a1sot® + biaot + c1a2 + Lisa(t), Lisa(t) =0 (t_l) , t—o0.
From Lemma 6 we can write
MW =P 1002 4 O @ 4 1O, L1¥0) =0(1), t > .
From the Theorem 2.1 of [1], we can write
M3(t) = ast + b3 + L3(t), Ls(t) =o(t™?), t— oo.
By combining this results, we can write
Ds(t) = D3 3t® + D3 ot® + D3 1t + Do + Lp,(t),

where D373 = 60,#{(3), Dgﬁg = 6bi(3) + 6(11*2, D311 = 66{(3) + 6b1*2 + as,

D370 = 6di(3) + 6¢142 + b3 and
Ly (t) = 6L;® () + 6L1.a(t) + La(t) = o(1) + 0 (t7) + 0 (t72) = o(1), t — 0.
This completes the proof of Theorem. <
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