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Abstract. We consider the generalized shift operator, associated with the Laplace-Bessel
differential operator. The mazimal operator, associated with the generalized shift oper-

ator are investigated. We prove that the B-maximal operator is bounded from the local
Pw1,y pw2, Y
“complementary” generalized B-Morrey space C./\/l{o}1 (R% 1) to GM{O}Z (R% ) where

1<p<oo.
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1. Introduction

In 1938, C. Morrey [18] considered the integral growth condition on derivatives over
balls, in order to study the existence and regularity for partial differential equations. A
family of functions with the integral growth condition is then called a Morrey space after
his name. In the study of local properties of solutions of partial differential equations,
together with weighted Lebesgue spaces, Morrey spaces MP*(R") play an important
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role (see [14]). Morrey spaces are defined by the norm

_2a
1 lager := sup =2 fllr, (5m),

x, T

where 0 <A <n, 1 <p<ooand B(z,r) ={y e R": |z —y| <r}.

Until recently, a rapid growth has been seen in the study of Morrey-type spaces be-
cause of its applications in major fields of engineering and sciences. Function spaces with
non-standard growth has seen a major focus in recent times because of its wide range of
applications in the area of image processing, the study of thermorheological fluids and
modeling of electrorheological fluids. The theory of boundedness of classical operators of
Real Analysis, such as maximal operator, fractional maximal operator, Riesz potential,
singular integral operator etc, is by now well studied. These results can be applied fruitful
in the theory of partial differential equations. It should be noted that in the theory of
partial differential equations, in the last years, general Morrey-type spaces play an impor-
tant role. In the nineties of the XX century an extensive study of general Morrey type
spaces, characterized by a functional parameter, started. In particular, V.S. Guliev in
his doctoral thesis (1994) introduced local and complementary local Morrey-type spaces
and studied the boundedness in these spaces of fractional integral operators and singular
integral operators defined on homogeneous Lie groups. A number of results on bound-
edness of classical operators in general Morrey type spaces were obtained by However in
all these results only sufficient conditions on the functional parameters, characterizing
general Morrey-type spaces, ensuring boundedness, were obtained. At the beginning of
the XXI century there were new deep developments in this research area. In particular,
V.S. Guliev, jointly with V.I. Burenkov, has developed a new perspective trend in har-
monic analysis, related to the study of classical operators in general spaces of Morrey
type. The significance of the developed methods lies in the fact that they allow to obtain
necessary and sufficient conditions for the boundedness of classes of singular type oper-
ators with the subsequent application to regularity theory for solutions to elliptic and
parabolic partial differential equations. As a result, for a certain range of the numerical
parameters necessary and sufficient conditions were obtained on the functional param-
eters ensuring boundedness of classical operators of Real Analysis (maximal operator,
fractional maximal operator, Riesz potential, genuine singular integrals) from one general
local Morrey-type space to another one. Results of such type are very important for the
development of contemporary Real Analysis and its applications, first of all, to Partial
Differential Equations.

For x € R™ and r > 0, let B(x,r) denote the open ball centered at x of radius r.

Let f € LY¢(R™). The maximal operator M is defined by

Mf(z) = sup|B(a,t)| " / 1F()ldy,
t>0 B(z,t)

where |B(z,t)| is the Lebesgue measure of the ball B(z,t).
The operator M play an important role in real and harmonic analysis (see, for example
[23] and [21)).
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These spaces appeared to be quite useful in the study of the local behaviour of the
solutions to elliptic partial differential equations, apriori estimates and other topics in
the theory of partial differential equations.

D. R. Adams [1] studied the boundedness of the Riesz potential in Morrey spaces. F.
Chiarenza and M. Frasca [4] studied the boundedness of the maximal operator in Morrey
spaces.

If in place of the power function 7* in the definition of MP*(R™) we consider any
positive measurable weight function w(r), then it becomes generalized Morrey space

MP (R,

Definition 1. Let w(r) positive measurable weight function on (0,00) and 1 < p < oo.
We denote by MP“(R™) the generalized Morrey spaces, the spaces of all functions f €
L;,OC(R") with finite quasinorm
171 "N
w(Rn) = Sup —— )
M@ z€R™,r>0 W(T) Lp(Blzr))
T. Mizuhara [17], E. Nakai [20] and V. S. Guliev [6] obtained sufficient conditions on
weights wy and wo ensuring the boundedness of T' from MP 1 (R™) to MP«2(R™). In [20]
the following statement was proved, containing the result in [17].

In [6] local ”complementary” generalized Morrey spaces c./\/l?:;}(R”) with constant
p, the space of all functions f € L,(R"\B(z¢,r)), r > 0 by the norm
1 "
p,w = Sup —— n To.T
Eapny @ny = 3D ey 1L, @\ B(wo.r)
were introduced and studied.

A
We denote by [6] the local ”complementary” Morrey spaces Gﬁz{)xo} (R™) with constant
p, the space of all functions f € L,(R"\B(zo,r)), r > 0 with the finite norm

A
N = »’ n < E R’I’L
||f||c£z{7%}(Rn) supr? I f1l 2, R\ B(wo,r)) < 00, To ,

0
where 1 < p < oo and 0 < A < n. Note that GE?IO}(R”) = L,(R").

w A
According to the definition of G/\/lz{jm o3 (R™), we recover the space DE?I o3 (R™) under
the choice w(r) = P

¢ DA n c. DPw n
E{xO}(R ): M{l)o}(R ) w(r):rn;)\ .

The maximal operator, potential and related topics associated with the Laplace-Bessel
differential operator

A—iﬁ+iﬁa >0 >0
B — — 8333 s z; 61'7;7 7 yee Yk

have been investigated by many researchers, see, for example [2], [3], [5], [8]-[13], [16],
[19], [22], [24], [25] and others.
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2. Preliminaries

n
Suppose that R™ is n-dimensional Euclidean space, z = (z1,...,2,) € R", |z|> = 3 22,
i=1
v = (21,...,7) €ER*, 2" = (v41,...,2,) ER"F 2= (2/,2") € R", n > 2, Ry, =
{fz=("2")eR"; 21 >0, ..., 2, >0}, 1 <k <n, E@,r)={yeRy, ; |z -yl <r}

Er :E(OvT)a’Y: (713"'77]6)771 > 0)"'7’)/16 > Oa "Y| :71+'~~+7k7 (xl)'y :x’lyl x’]zk
For measurable E C R}, suppose |E|, = [p(z')7dzx, then |E,|, = w(n, k,y)re,
Q =n + |y|, where

T2 k
wtnk) = [ @rae =" TT ¢

Denote by T* the generalized shift operator (B-shift operator) acting according to
the law

T f(y) = Cy /0 /0 £ o) g — y") dv(B),

where (z;,vyi)s, = (22 — 2my;cosfi + yf)%, 1 < ¢ < Kk (@) =

'3 = =

k
(@1, y1)815 - -+ (Tr, Y) B, )s dv (B) = T1 sin? "t 3, dBy...dBk, 1 < k <n and
L

K2

! I (2tl ok
ny’k = W_% 1_1((,\{21)) = ?UJ(2]€,]€,'}/)
i=1

We remark that the generalized shift operator T* is closely connected with the Bessel
differential operator B (for example, n = k = 1 see [15], n > 1, k = 1 see [13] and
n,k > 1 see [16] for details).

Let Ly, (R} ;) be the space of measurable functions on R} | with finite norm

1/p
Ifllz,., = Hf||LPW(R;}1+) = (/R" |f(1’)|”(:z:’)7dx> , 1<p<oo

K+

For p = oo the space Lo (Rz ) is defined by means of the usual modification

[fllze , = €ss sup |f(2)].
zeRY |
The translation operator 7Y generates the corresponding B-convolution

(fe©g)(@) = F)IIT"gW)(') dy,

Ryt

for which the Young inequality

1 1 1
17 @l <l ol 1<pa<r<on —4o=loL
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holds.

Definition 2. [8] Let 1 < p < 00, 0 < A < Q. We denote by MP> Y(Ry ) Morrey space
(= B-Morrey space), associated with the Laplace-Bessel differential opemtor the set of
locally integrable functions f(x), x € R} > with the finite norm

i = s (7 [ 20 1p<x><y'>wy)”p.

t>0,z€Ry |
Consider the B-maximal operator

M. f(a) =sup 1 [ T o))y,

r

Theorem 1. [9] Let 1 < p < co. Then the operator M, is bounded Ly (R} . ) spaces.

Let 1 < p < 00, w positive measurable function. The norm in the spaces MP*7 (R} )
defined by

Q

t_; Y P Y 1/p
flswe = _sw o < /E A PEW) dy) ,

the local ”complementary” generalized B-Morrey space BM?;;W (R% ) is defined by the

norm
tg{ 1/p
b o = SUD —— TY P(z)(y')'d .
(Bal GM{O} TRy L) t>I(? w(t) </R{1,'Y+\E(O,t) [1f] 1P(z)(y") y)

If w(t) = =7 then MP“I(RY ) = L, (Rp,), if w(t) =t 7,0 <A< Q, then
MPI(RE ) = MPAY(RE ).

3. B-maximal Operator in the Spaces M?b}ﬁ( i +)

Theorem 2. Let 1 < p < oo and f € Ly~ (RE \E(0,7) for every r € (0,00). If the
integral
dr

1
/O [P SRV o

is convergent, then

ds

2t
I3, g 0 <€ [ 1z 00 (1)

for every t € (0,00), where C' does not depend on f,t and x.
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Proof. We represent f as
f=h+f, hl)= f(y)X]RQd_\E(O,t)(y% fa(y) = fy)xew©.n (W)

Frist estimation of M, fi. This case is easier, being treated by means of Theorem 1.
Obviously fi € Ly (R} ;) so that from Theorem 1 we get

1My fillz, vy B < 1My fillL, @ ) <

< Cllfille, @y ) =ClfllL, @&y \E©8- (2)
Then in view of (2) we obtain
t ds
I3, il 0 < C [ 1 00 3)

Now estimation of M, fo. To estimate M, f2(z), we observe that for z € R} | \E(0,1)
we have

M, fo(z) = sup | E(0,r)| ! / T*| o) (') dy <
r>0 E(0,r)

< sup / =" T f @)l dy < CE" / (£ ()| (/) dy.
r>t JE@©0,HNEQ,r) E(0,t)

We use the following trick, in which the parameter S > 0 will be chosen later:

ly|
/ T ()|(yVdy = B / PRI ( / sﬁ—lds> (') dy =
E(0,t) E(0,t) 0

t
=ﬁ/ 7! (/ ly|~” Tzlf(y)l(y’)”dy> ds.
0 {yeR} ,s<|yl<t}

Applying Holder inequality we get

t
. . ds
[ r@lerdy <€ [ 10 s, mp s Ixeeol, w0 T @
E(0,t) 0 ’ ’ S
Then by (4)
—n t z ds
M, fa(2) < Ct" Ixpon L, @ ) ; 1T flle,., @y, \E©,s) 5
Therefore we get that
z ¢ z ds
T wa2||L,,,w(ng+\E(o,t)) <C o T f||L,,,7(RL?,+\E(0,S)) 5 <
t
. ds
< C/O T fllz, .y \EO8) (5)

Since
IT* My fllL, &y \BO) < IT*Myfilln, @y e0) + 1T My falln, L ®p  \E0)

from (3) and (5) we arrive at (1) with [|[TM, f|[1,  (ry ,\E(0,t)) on the left-hand side and
then (1) obviously holds also for ||T*M, f| L, . &y \E(0,0))- <
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Let’s prove the theorems below.

Theorem 3. Let 1 < p < oo and the functions wy and we satisfy condition
b _q ds _Q
/ s Pwi(s)wi(s)— < Ot » walt),
0 S

then the operator M., is bounded from cMg’wl’v(RZ#) into B/\/lﬁ’””(R?Q.

Proof. Let 1 <p< oo, f € BMg’al’wl”y(RZ’+). Hence, by the Theorem 2 we obtain

£ ,
1M fll o pgpnnzy ) = sup MHXRZ#\E(OJ)T M, fllz, @ ) <
t7 ot d
P . S
< Ciglg m/o T flly oy \BOs) 5 <
te b o ds
< Cllflaagmrmgeg b s |5 Fen) S = Ol lgeroisg
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