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Abstract. The paper considers the approximation of repeatedly differentiable two vari-
able functions by Mellin’s double singular integrals. The order of approximation of repeat-
edly differentiable functions by means of Mellin’s double singular integrals is obtained.
The proven theorems apply to specific double singular integrals.
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1. Introduction

Many questions about the order of approximation and their order of convergence of
various classes of functions by linear operators, in particular singular integrals, were
studied in the works [1]-[6], [11], [12] and others.

Approximations of functions by singular integrals have numerous applications in var-
ious fields of mathematics. Approximations of functions by singular integrals are studied
intensively along with other issues in theory of functions. In their papers P.L. Butzer and
R.G. Mamedov study convergence order of singular integrals in generating functions at
separate characteristic points and metric in the space LP on bounded and unbounded
domains. Important theorems on asymptotic value of approximation of functions by sin-
gular integrals are obtained in these papers.

This question for the one-dimensional Mellin singular integral was studied in the work
(6)-[10]

A general method for obtaining the asymptotic value of approximating functions by
linear positive operators is contained in the monograph [6].
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2. Main Results

Let f (r1,72) be a real function defined and measurable on Ry = (0’ +OO> .

0, + o0
Let us denote L,(R3) Biggl the space of functions f (rq,72) for which the norm

JI1f(rra)| drdee for p=1,

”fHLP(R’:‘r) - supvrai |f(r1, r2)| for p=oo
(r1,72)ERT
finite.
Let’s denote
f(ri, m2), k=0,
Ak
mf (r, 72) = supvrai |f(ri,r2)| , k> 1.
(r1,r2)ERT
and
f(r7 7‘2), kl + k2 = 07
E(llf;) f(rl,TQ)a ki = 07
ki+k _
B 2r§2 flrur) = E(’Ei) f(ri,ra), k2 =0,

E“>E<’:;+’zg Df(ro,ra), ki 4 ky > 1.

Let us consider Mellin’s double singular integral. Let Ky, x,(p1,p2) be a function
defined on R* depending on the real parameters A1, A2 and biggl and satisfying condition

dpr d
/ Ko (prp2) 2222 = 1,
)
Expression
d,O1 dpg
A ’ // ( ) K ’ 1
A1,z f P1 p2 . p1 2 ,\Ag(m 02) o1 ps ( )

we will call it Mellin's double singular integral.

Theorem. Let the function f(ri,re) € L(RY) in a neighborhood of the point ri,ro
have continuous derivatives of the n-th order (n-is an even number) and a non-negative
function Ky, »,(p1,p2) satisfies the conditions:
a) K, o, (prp2) = Koy o, (P10 02) = Ko, (1027) = Ka s, (0002 Y)
1, Ao 1, Ao 1 P2 A1, xy \P1,P2 A1, xg P15 P2

b) ’//[\21(/]\2 )28 _ If m2*=%) o Inp, Ky, (1 7p2)% Cif’; <4 o0
+

1,+ o
< = S=(7 .
at s <k, k=1,2,..., n/2, where R (1, +oo>
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If the conditions are met

L)
lim 2122 g
)\i*))\o Z/(’I’L)

A1, A2

at least for one value j(j = 1,2,...), then the following asymptotic equality holds

Axy s, (firrsm) = fr,rm) =

k
1 [2(k—s),2s 2k n
=4 2k ZC2K ,\1(A2 ) ]- Eif““)—'*)rgs f (7“177“2) +0 {V,(\I?AJ

Proof. Because

Axi s, (fip1,p2) = f(r1,72) // [ ( >+f (ﬁpnm) +
' Ry p1’ p2 P2

r d d
+f (1, 7“202) + f(rip1, map2) — —4 f(Tl,TQ)} Kx o, (pr.p2) 22 P1 ﬂ’
hr P1L - P2
then for any § > 0 we have
[2(k—s),2s 2k
A)\l, Ao (f;rla'r?) - f(T177'2) —4 Z 21{ >\1(>\2 ] Eig(k)fs) s f(rl,rQ) —
1 2

k:l s=0
AL o)
R e

(5] k

2k
—4 Z P In?* E(Q(k) ) r2s f(’l“l,Tg)
k= 1 s=0

d d
Ky, 5, (p1,p2) — A 2Pz AL+ Ag + Az+Ay
P1 P2

By virtue of the conditions of the theorem, it has the equality

(5] k

S s k
Por. g (fr1m2) = 4 Z 7 o 0 . BGGL L f (r1a) +
s=0

k:l
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o [y

at p; = 1+, (i =1,2) where

r
: ) +f (Tlﬂl, ) +f <, 7“202) + f (r1p1, T2p2)
p1’ pe P2 P1

Therefore, for Ve > 0, 3p > 0 such that for 0 < p; — 1 < (i = 1,2) bigll (s = 1,2)
inequality is fair

14 1+ n d d
|Aq| < 5/ / (\/ In® py + In* P2) K s, (102) L 2 ()
1 1

P1 P2

pr, oL (r1,7m2) = f (

Ay =0(w} ) for Ay = X)(i =1,2)
Let’s consider A :

14+ p+oo d d
p1  ap2
|As| </ / [vas s, (fim1m2) [ K, s, (p1p2) — —+
P1 P2

[ !
+ |ZC

k 1 s=0

145 do d
/ / 279 o1, I po Ky, (p1p2) — o AV + A,
1+ P P2

) e T2 1
Ay’ Gy flren, =)+ f = rep2 | +
1 1+ P2 P1
n+j
dpy d L
+f (rip1, ra2p2)| (\/ln2 p1 + In? p2> K (p1,p2) 7,011 TZQ < CulIfllg, vars,

k
E(g(k) ) pzs f(’l“1,7“2)

03

(2k
2(13 s) rgs f(’l“l,’l“z) ’

Because

1+S n+J dpl dp2 .
In (n— 2k+1 1_|_p / / < ln p1+ 111 p2> I()\h,\2 (pl,pg) 7 7 < CQV;\ij\z
1 2

for 7 > 1, then by virtue of condition (2) we obtain

Ay =0(r8,), A= AN(i=12) (6)
Az and Ay are evaluated similarly

A3 =0 (3,), Ar=0(3, 1) (7)

for \; = A0(i = 1,2).
From estimates (5), (6), (7), (8) and expression (4) equality (3) follows.
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Now we apply the proven theorems to specific Mellin double singular integrals.
Expression

R+ /)1 Pz

A1 ag

let's call it the double Mellin integral. In this case

2(k—s, 2s n 7TF(71—|—3)
LfM = [2(k — 5)]1(29)!, V;lJAQ = 5 s < oo
where § = (£) = cosé +sing , £ € [0, 7).
Therefore, based on the theorem it has

[5] & E(;kk 42 f(ri,r2)
H (fs riyr2) = fri,me) = 4 +0 ([A\72+ A7)

Q(z 5) 2s
A1 k=1 s=0 )‘1 : )‘2

at A; = oo(i =1,2). <

Consequence. If f(r1,r2) € L(R2™) in the neighborhood of points (r1,7m2) has con-
tinuous partial derivatives of the second order, then the following asymptotic equality
holds

Ei? f(ri,m2) Eﬁ? f(ri,me)

H (f; mi,r2) — f(ri,re) =4 2 + 2 +0A 2+ D)
A1 xg 1 2
at A = oo(i =1,2).
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