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1. Introduction

Consider the differential operator L generated by the differential expression

() = o5 (s + 20 +a @)

in the space Ly (—00, 00).
Here ) is a spectral parameter p (), ¢ (x), and p (z) functions satisfying the following

conditions:
o0 oo
p (I) = anemnm s Z Qp |pn| < 00;

n=1 n=1

oo o0
q(2) =" qne™ ™, > Jgn| < 003
n=1 n=1

() = 1 for x>0,
PAE)=982 for z <0.

Note that for the number set G = {a,,} the following conditions are satisfied:
L.og <ag <. < Qp < ey QU — OO
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4 Multiple eigenfunction expansion for one dimensional Schrédinger equation

2. for any two numbers o, a; € G, oy + o5 € G.

The direct and inverse scattering problems for Schédinger operators with almost
periodic potentials in the case p(z) = 1 have been studied (see [3] and references therein).

We call the functions p (x), ¢ (x) potentials of the equation

—y" +2Xp(x)y + q(x)y = Np(2)y (1)

or operator L.

In this work, we will investigate the spectrum and obtain the eigenfunction expansion
of the operator L by using the constructed particular solution equation (1). The eigen-
function expansion of the resolvent in terms of the continuous spectrum eigenfunction
and the multiple expansions of arbitrary test functions were obtained. The formulae for
expansion are obtained by summing the eigenfunctions of the corresponding differential
equation.

2. Representation of Fundamental Solutions

In [2], it was proven, that the following equation

—y" + 2\ p(x)y +q(x)y = Np(2)y

has particular solutions of the form

+ +ilz + ianx + iasx
) = 14+ > Vet £ N N yEeier | >0,
f1 (.T/' ) (& ( Z n € L, I\ ns€ ) f07"$

= s=n

+ 1Bz § 1y T E E 1T
f2 (.T, )\) = e:F BA (1 + Vnie + m 2 an;e ) , fo/r T < O7

n=1 n=1

where the numbers V£ and V£, n < «a, n,a € N, are determined by the recurrent
relations

s a—1 k
Q2VE + a, Z VE 4 Z (quk,i +p, Z V;;) +q, =0,
n=1

artapg=ag n=1

a—1

as(as —an)Vii+ Y, (@ F anpe) Vo = 0,
artap=as
k>n

a—1
CVSVSi + Z prVki +ps=0

artoap=a

o] 1 0o
§ : § : +
Qs |Vn9 )
Qnp
n=1

sS=n

and the series
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e
> a2V
n=1

are convergent.

The functions f;" (2, \), fi” (z,A) and f (x,\), f5 (@, \) are linearly independent for
AFE =5, AF# % respectively and

Clim fET (2,0) €5 = (£ida)”, 7 =0, 1,

Imz—o0
lim fE7 (2, )) eF = (Fidz)T, =0, 1.
Imx— o0

The functions f (z,A), fif (z,\) can be extended as a solution of equation (1) as
follows:

e forz >0
fa (@A) = AFN) I (2, A) + BEV) i (2,0,
e forz <0
fE@ ) = CE N f5 (@A) + DFN) f5 (2, 0),
where

A% ) = S W (), 7 (@)
B () = g WIS (20 /7 (2, A))
C* () = g WU @) fi (@)

1
DE (V) = g5 WU @2, £ (@ V)],
if we denoted by W|f,g] = f'g — fg'.

It is proven [1] that the resolvent of the operator pencil L has the form

(@ N (4N, t<u,

Ry (2,,)) = ImA > 0;

1
W @5 @] ) (6N 3 (), t >,

) fr @ N fy (6A), t <,
Ry (2,t,\) = _ Im\ < 0.
[f1 (@,2),f5 (2,2)] _ _
' : fl (t7)‘)f2 (va)v t2$7

The spectra of the operator pencil L have a finite number of eigenvalues, the residual
spectrum is empty, and the continuous spectrum fills the axis { ReA = 0} and may have

a spectral singularity of the operator L accovding to Naimark [4, p.450] at the points

+37, j:%, n € N.
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3. Eigenfunction Expansion of the Resolvent in Terms
of the Continuous Spectrum Eigenfunction

Let Fd" (FO_) be a contour formed by segments

1 Qp, (an + 1) Qp, (an + 1)
0,- =9, [ =+ ———-46], [ =+ -4 =12, ..
[’2 ]7[2+’ 2 ]7[2/B+’ 2/8 ]7” » < b
and semicircles of radius & with centres at points
Ap 670
—, +— N
2 ) 2B 9 n e )

located in the upper (lower) half-plane. Let the numbers A1, A, Az....\,, be an eigenvalue
of the operator L ()).

The similar problem on a whole axis in the case p(x) = 1, for classical Schrédinger
equation were investigated in [5].

Theorem 1. The resolvent operator R (x,t, \) of the operator pencil L admits expansion
in terms of the continuous spectrum eigenfunctions

1 [ Rt .
5o | A = Rt ) + Zl res (R (z,t,A)) oy, +
I'n =
+/MM_ Bt A) )\
A—z A=z
Iy ry
R2 (l’,t, )\) - Rl ($,t7 >‘)
t, t, A dA
(, z—I—ZTeS (z, )‘,\,\"'/ \—z +
I

+Zres CXY)| N, +Zres R(x,t,0))_s 2

n=1 n=1

Here,
R2 (l‘,t, )\) - R1 (l‘,t, )\) =

1 _ _ 1

:W—(A)Jcl (@,A) fy (£,A) — %MD ()\)C+()\)ffr($’)\)ffr (t,A) +
1 _ 1

—mffr (2, A) f2 (x’)\):_Qi)\BD+()\)C+()\)fl+ (2, M) fi7 (6, 2) +

e Oy e O T @ J5 () =€ ) A @) £ (1)

and

1
li =2\ Ry (z,t,\) = 1i n—2\) ——— 7 (x, \) £ (8N =
Airg%(a ) By (.1, ) leg%(a )Ww’f;]fl (@, A) f3" (8 A)
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o Wi 5] wist 5]
=, (@0 = 2 e )R (00 + 5T () =
i OIS ) R ) + () £ (6 0)] =

A= op 21\

W f3]
Wit (= *)fl (05 ) Vst (v ) 1 (051 =
Vit (= 3) 5 (85

Z n

Analogously, we can show that

lim n—2M\0)R t,\) = hm Qy, — 2\
H%( B) Ry (w,t,\) = 25( B) [foQ]

(Oén—2w)[W[f1+7fz_]

fl ('T7)‘) f2+ (t’)‘) =

£ @ N (4N + (@A) fy (8] =

g 2008 W
o (an=2)8) Wi £ o )
- Al_l%% 27,/\,8 [W[fl"', (Q{E(Qf\)ﬂ) _|_F2+ (1‘7/\)]]"2 (xv)‘) f2 (ta )‘)+f2 ((E,/\) f2 (tv)‘)] -
o (@ —2)8) (an — 20 WS 7] N N N o
*Al_lfé% 22/\6 [ [fl ’ n2( )+(Oln*2)\ﬂ)F2+ (I,/\)}fQ (1'7>‘)f2 (tv)‘)+f2 (‘ra)‘)f2 (t7>‘)] -
= lm WIf 1] (= 208) £ (@, \) (am — 208) fiF (£, A) +

A=y 208 WL (2) + (an — 20) By (2,0), £

+(om = 208) f (2, A) fy (£, 0)] =

~ oty (n55 ) otz (055) +vinss (= 35) 7 (1350

4. Multiple Eigenfunction Expansion

Let f;(z), i = 0,1, be arbitrary functions that are identically equal to zero in some
neighbourhoods of infinite and 4 times differentiable. Consider the differential equation

—y" + (2Xp () + q (z))y — Np (2) y = Apo () + 1 (2), (2)
where
wo (z) = fo(z), w1 (x)=fi(z)+ A1 (x)p(x) fo(z).

Using the general theory of differential equations, the solution of equation (2) can be
written as

y (@A) = R(z,t,A) (Apo (2) + 91 (2))-
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3
Theorem 2. For a sufficiently large A € |J S., we have the representations

vr=0
1
o [ AN = @) i (0) +0(6)+ Ol m 0.1,
I'y e
L[ amy (2 0)dx = oLy m=o01
2,”.(. ( ) *7p(x)fm(x)+ (FL m =U, 1.
I'n

Considering that

IR (2.t 0)] < C| e,

C=C(\), 7=min{lm) Re)X}, Vz,t€R

for N — oo or for |\| = 0o, we obtain

1 [ R(z,t\)
— | ———=dX=0.
2im A— 2z 0
I'y
Then, we have
R(x,t,z) = — / Ry (z,t,\) — Ra (. t, )\)d)\—
A—z
ry
- Z res (B (= 1, /\))|’\:iaT" - Z res (R (z,t, A))L\:i%‘ B Z res (R (x,t,\))] =y, -
n=1 o —

Finally, let us denote by G (z,t, \,,) residues of the resolvent

N Ry (I,t, )\) , ImA >0,
R(@,t,A) = { R (2,6,A), Im\ >0,

at the points A1, A2, A3, ...A,. The function G (z,t, \,,) is determined by the formula

G(z,t,A\p) = llm (A= X,) R(z,t,N).
A= An
Therefore, for arbitrary elements 1) (z) of the space Ly (—o0,00,p(x)), we have the
following eigenfunction expansion:

1 - m m —
Ngnoomﬂ/)\ y(x, \)d =5 //\ x/\d/\—|—//\ (x,\)dA
e

S Am/Rl (2,6, 0) o (2) + 1 (2)] dEdA+

T2
F+ — 00
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+ / AT / R (2,€,)) [\go () + 1 (2)] dédA+

ry T

+Z/;{e;R (5.6.3) Poipo (@) + 1 (a)] d =

—An

+ Z / s, Ry (7,6, \) [i%apo () + @1 (1;)} dé+

+Z/ Ros £ (2.€,3) o (2) + 1 (2)] .

if we will take into account the fact that for sufficiently large A

1

5 | Ay (@, NdA=—fn +ole )+O< L )

L A
N
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