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Abstract. In the present work, we obtain some integral representations for special so-
lutions, which play an important role in solving direct and inverse problems for second-
order and fourth-order matriz Sturm-Liouville pencils. We also investigate some useful
properties of the special solutions.
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1. Introduction

Direct and inverse problems of spectral analysis for matrix Sturm-Liouville operators
belong to the class of more complicated problems than the scalar one. Spectral analysis
on the half-line for Sturm-Liouville operators in matrix form was carried out by Agra-
novich and Marchenko in [1], where the theory of the scalar case was carried over to the
matrix case. For Sturm-Liouville operators in matrix form, direct and inverse problems
are included in the studies of Carlson [6], [7], [8], with some special cases and restric-
tions. In these papers, the spectral properties of the matrix Sturm-Liouville operator with
Drichlet and periodic boundary conditions are investigated, and a uniqueness theorem
for the inverse problem is proved. Jodeit and Levitan [25] investigated direct and inverse
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problems for the matrix Sturm-Liouville operator with a symmetric potential. Direct and
inverse problems on a finite interval for Sturm-Liouville operators in matrix form were
investigated under various assumptions in [34], [11], [35], [19], [38]. However, these stu-
dies were carried out only for special cases and for the selfadjoint matrix Sturm-Liouville
operator. In Yurko’s work [39] for the matrix Sturm-Liouville problem on a finite in-
terval, the method of spectral transformations was used to study the inverse problem.
In this study, the problem is not self-adjoint, since the Sturm-Liouville operator has a
complex-valued potential. In addition, in [30] some uniqueness theorems of the inverse
problem for the matrix Sturm-Liouville equation are investigated, and in [10] necessary
and sufficient conditions for the solvability of the inverse problem are obtained for the
matrix Sturm-Liouville operator with a simple spectrum. For matrix potentials in the
Sobolev space, the necessary and sufficient conditions for the solvability of the inverse
problem from the spectral data are discussed in [32] . In recent years, direct and inverse
problems for Sturm-Liouville operators in matrix form on a finite interval were investi-
gated in [3], where the spectral properties of the matrix Sturm-Liouville operator were
studied, an algorithm was developed for recovering the matrix potential by the method
of spectral mappings, and necessary and sufficient conditions for the unique solvability
of the inverse problem were obtained.

After studying the classical Sturm-Liouville operator, the Gelfand-Levitan-Faddeev-
Marchenko’s method [31], [28], [29], [18], [12], [13], [14] was generalized for the quadratic
pencil of the Sturm-Liouville equation by Jaulent and Jean, Kaup [22], [23], [24], [27], [9].
Various inverse scattering and inverse spectral problems for the quadratic pencil of the
Sturm-Liouville operator and other ordinary differential pencils were studied in [16], [17],
[15], [36], [20], [21], [2], [37], [26], as well as in studies of many other authors. However,
there are not many studies in the literature for a matrix Sturm-Liouville pencil [4], [5],
[33]. In [4], a matrix Sturm-Liouville pencil with complex matrix coefficients and spec-
tral parameters in boundary conditions is considered, and the uniqueness of the inverse
problem with respect to the Weyl function is proved by the method of spectral mappings.
In [5], the problem of determining matrix potentials based on spectral data is solved by
transforming it into a system of linear equations in the Banach space. The fundamen-
tal system of solutions for the polynomial matrix pencil of the Sturm-Liouville equation
was constructed in [33], where some useful integral representations for the solution were
obtained.

In this study, we will obtain integral representations for special solutions, which play
an important role in solving direct and inverse problems for second-order and fourth-
order matrix Sturm-Liouville pencils, and we also investigate some useful properties of
the special solutions.

2. On the Solutions of the Quadratic Pencil of the
Matrix Sturm-Liouville Equation

In this section, the object of our research is the second-order matrix differential equation

~Y" + (U(z) + AQ(x)) = \?Y, 0<z <, (1)
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where
qo 0 0
U(a:) _ q1 4o 0
dn—1 qn—2 q0
and

0 0 ..qn

are n X n real matricies with compoments g¢;(z) € L[0,7],7 = 0,n — 1, and g¢,(z) €
W2[0,7]. Here Y = (y1,%2,...,yn)” is an unknown vector solution and \ is a spectral
parameter. We consider the solutions of the matrix equation (1) satisfying the initial
conditions , _

Y;(0,0) = V, Y, (0,) = (~1)7*1iaV, (2)
where j = 1,2 and V = (1,0, ...,0)T. The following integral equation is equivalent to the
initial value problem (1), (2):

T

i+, in \(z —t
Vi) = 0 ey [ @) a0, 1,V 3)
0
We search for the solution in the form
nm»=éﬂ”%mww+/Kme*W%w, (4)

where the scalar function f;(x) and the vector kernel K;(z,t) = (K;i(x,t), Kj2(z,t), ...,
Kjn(x,t))T will be defined later. Substituting the expression (4) for the Yj(z, \) in the
integral equation (3), we obtain

e(*l)j“imfj(x)V%»/Kj(:r,t)e(fl)j“i)‘tdt:

€T

= iy, / W(U(ﬂ + )\Q(t))e(—l)jﬂi/\tfj(t)th+
0

x

+/@2%;wawmmmﬁ/&m@wW“mw. (5)
A —t

Let us define a function f;(x) that satisfies the equation

fw =v+ S [awswvar
0



208 On the integral representations of solutions of some matrix pencils

Consequently, since

qn 4n—1 --- q1 1 n
0 qn - g2 0 0
Q(t)v B T - ’
then v
Y2 F gty
filx)=e o . (6)
Hence, the equation (5) takes the form
r 1 T (C)Iide _(— 1) A (2t—x)
/Kj(x,t)e<—1) Tlid gy = (_1)J+1/€ ;)\ U(t) f;(t)Vdt+
1
—T 0
)7 [
_|_(_22) /e(fl)JJrli)\(th:v)Q(t)fj(t)th+
0
- [ o(=D7 i (@—t) _ o(~1)IFin(t—x)
—1)/ Ul(t
Hep [ — W)+
0
t
FAQ(1))dt / K;(t,s)e1 ids g, (7)
Zt

We can transform all integrals in the righthand side of equation (7) to the similar
form of the lefthand side. Namely,

- F (=D ixe _ o(—1)7Hin2t—a)
L= (=1 Ut)f;(t)Vdt =
1= / i (1) £5(1)

0

T

= — /6(71).4— )‘tdt
2

—

U(s)f;(s)Vds,

=

x

—1) _1yit1 . 1y T e, . .
I, = ( 2i) /e( 1)7+1 (2t )Q(t)fj(t)th:%/e( 1)7+ /\tQ(?)fj( : vt

0 —T

x

, (=D ir(@—t) _ (=1 in(t—=) ’ Iy
I3 = (‘UJH/@ < Q(t)dt/Kj(t,s)e(_l) Tlidsgs =
—t

20\
0
1 x x t+x—s
=5 [ [ues [ Ko

—x 0 t—x+s
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1)i+1 [ ;
142%/ (= 1)+“‘tdt/Q s, t—x+ s)ds —

—x

2

BRIV R
_%/ (=1 +ll>‘tdt/Q i(s,t+x—s)ds.
(3

r+f

—T

Here we assume that K,;(z,t) = 0 for |t| > |z|. Hence, after taking into the account the
integrals Iy, I, I3, and I4 in the righthand side of the equation (7), we have

x

x4t
z 2
1, 1 1
/Kj(x,t)e(fl)” WA — / (=1)7+ WAL gy 5 / U(S)fj(S)VdS+
—x 0

—T

‘ x t+x—s
—1)J 1
Har et st g [ues [ eade
0 t—x+s

21

x—t
2

Consequently, when f;(z) (j = 1,2) are defined by the formula (6), then the solution
i(z,\) of the matrix differential equation (1) has the form of (4) if and only if for each
fixed = the kernel function Kj;(z,t) satisfies the integral equation

—i-(—l).jH /Q(S)Kj(s,t—x+s)ds+(_l,)j/Q(S)Kj(s,t+x—s)ds

g

-+

(—1)]‘+1 x-i—t x+t

Kj(z,t) = U(s)f;j(s)Vds +

N =
o\m‘

oft

z

/ (a+ B)Kj(a+ B,a— B)dB+
0

o\

x—1t

_1)yitl 7
+( 1)]+1/Q(x+t+ﬂ)Kj(x+t+ﬂ x+t—5)dﬁ—
0

2 2 2

xr—t xr —

1)j+1 X
j(a+T7a7 2

t
Jdev, [t < |l (8)

where K;(z,t) =0 for |t| > |z|.
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Now consider the integral equation (8) and define the successive approximations for

this equation as follows:

ot
1 —1)i+1 t t
K@) =5 [ veisevas+ ot L.
J 2 4 2 2
0
i x—t
m+1) / / Oé+ﬁ) m)(a—i—ﬂ,a ﬂ)d6+
0 0
(—1)yi+1 ] :E—i—t (m)a:+t m—i—t
t—g—i | Q=+ K (= +5, — B)dB—
0
.7+1 —t —t
Z/Q (a —ﬁ—mT,a—xQ )da, m=0,1,2... .
We define the matrix norm ||A|| = max )" |a;x| for the matrix A = (a;x). Conse-
i %

quently, if A = (a1,as,...,a,)T then ||A|| = max |ay]|.
1<k<n
We have

) o
/HK§°> Hdt< /dt /||U ) ds + = HQx;tH

—T

x x

=§/[2x—s>|w< N+ @) ds < [ @ =) |U) |ds+/||c2 )l ds,

x

/HK(WH) roies s [@-91weias / [ .0 e+

+ [ 1Qe) s / | ae < / ((x = ) U )] + 1Q(s) s / K™ 5,0)|| de

which implies

z m—+1
/HK(m“)(x,t)H a< 0@ e
J (m+1)

where

/x—s 1U(s)]| + [Qs)Il] ds
0
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Hence the series .
3 / K™ (2, t)dt (9)
m=0_",

is absolutely and uniformly convergent on the interval (0,a) and we have
[ 15 @l < e 1 (10)

for the sum of the series (9). Consequently the integral equation (8) has a unique solution
K(x,-) which satisfies the inequality (10).
Moreover, from the integral equation (8), we have

7 )i+t 1y f
K, (r,2) = %/U(s)fj(s)Vds—i—( 2 Q@) (@) + ¢ 21) i/Q(a)Kj(a,a)da
0 0
and N
Ko -0 = S0 0w + S [ Q)i p1as.
0

Consequently, K;(x,z) and K;(z,—x) can be found as the solutions of the matrix
differential equations

Water)  CO @k, = sv@ @y + " Qs e) v an
K;(0,0) = (_Tﬂi 0V
" dK;(z,—2) (<1
dx 5 Q) K;(z, —z) =0, (12)
K;(0,0) = (_1ij+1iQ(0)V,

respectively. From the systems of differential equations (11) and (12), we obtain the follo-
wing recurrence formulas for the K;(z,z) = (K1 (7, ), ..., Kjn(7,2))T and K;(z, —z) =
(Kj1(z, =), oo, Kjp(z, —2)) T

x

—_1)i+1
Kinte. 001y = i) + 5 [ an 07 01t (13)
0
Kol )f5(@) = [ Gaa (073001

0
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+/(_ Z Gn—vpm (K (t,t)dt, m=2,3,...,n—1 (14)
0 v=m-+1
1 1)i+1 (_1)j+1 ‘
Kji(z,2)fi(@) = [ San(t)fF( )dt+ i + gy (1) f7 () ) di+
/z /< o)
+/ zf] an v () K, (t)dt, (15)
0
_1)7+1
Kyl ~2) = f(0) 0 g, (0), (16)
()T i)
Kjm(z,—x) = i X0 Z In—vtm () K (t,—t)dt m=1,n—1. (17)
0 v=m-+1

If we assume that go(x) is differentiable and ¢;(x ) j =1,2,...n—1 are twice differentiable

functions, i.e. go(x) € L2 [0,7], ¢} (z) € L2 [0,7], 1,2, ...n—1, then coordinate functions of
both partial derivatives i g G t) and & 1; t(f 1) belong to the space Ly [0, ] for each fixed

€ [0, 7] . Moreover, K;(z,t) satisfies the following hyperbolic type partial differential
equation

O?K; (x,t) 82Kj (z,t) 0K (z,t)
8962 ot? ot

Now we can formulate all results obtained above as the following theorem.

= U(@)Kj(w,t) + (1) iQ(x) (18)

Theorem 1. If gj(z) € L2[0,7] (j = 0,n — 1), g,(x) € W2[0, 7], then two solutions of
the matriz equation (1) satisfying the conditions (2) can be represented in the integral
form of (4), where the vector kernels K;(x,t)(j = 1,2) are defined as the unique solution
of the integral equalition (8) and K;(x,t) satisfies the inequality (10). Moreover, the
vector kernels K;(x,t) satisfy equalitions (13)-(17). When we assume qo(x) € Lo[0, 7],
q (z) € Ly[0,7] (j = 1,n), we have that K;(x,t) satisfy the partial differential equation

(18).

From Theorem 1 and the integral equations (8), we immediately have that there exist

with respect to ¢ the partial derivatives aKggf’t) and aK’é(tw’t), so we have
/m OB @ D) | gy < e
—z z -
and oK
r i(x,t
T e

for each x € [0, 7], where sup |h(x)] < 4o0.
0<z<m
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Note that from the integral representations (4) for the solutions Y;(z, A) and Ya(z, \)
we immediately have

i+, —1)7+t
Yi(z,\) = (=1 + U\mfj () V + ( Zi\

i1 . +1 x .
_(‘71_); Kj(x,—m)eH)-’Mu(_1,); / aK]é(f’t)e(’l)”’\tdt
2 2

R

—x

3. On the Solutions of the Fourth Order Pencil of the
Matrix Sturm-Liouville Equation

We consider the following matrix pencil of the Sturm-Liouville equation
Y 4+ (U(z) + AV (z) + \2Q(2))Y = Y, (19)

where Y = (y1,%2,...,94n)" is a solution, U(x),V(z), Q(z) are n x n Hermitian matrix
functions, the components of which are continuous complex valued functions on the
interval (0,a), Q(z) is a lower triangular matrix function and A is a complex parameter.
Let Yy (z,A) (k=1,2) be vector solutions of the equation (19) satisfying the initial
conditions

Vi (0,A) = 1,Y.(0,)) = (—=1D)FiX21, e s, (20)
where

1
YT (V+>7T} V=0,1,2.3,

and I = (1,0,...,0)".

Theorem 2. Let U(x),V(z),Q(x) be nxn Hermitian matriz functions, the components
of which are continuous complex valued functions on the interval (0,a), and Q(z) is a
lower triangular matriz function. Then the matriz equation (19) with initial conditions
(20) has the solution Yy, (x,\) which is represented as

—+oo
Yi (2, M) = (DTN ) B () + / Ay (z,t) 02Nt L N e S, (21)
[(—D*v—1]5
where Ry, () A1, (x,t) and As, (x,t) are n-dimensional vector functions such that

d 1

da (-1 Q (2) Ry (), Ry, (0) = 0

and

Ay (z,.) € Ly ({(—1)k+u — 1] gH-OO) A=Fk+ % ((_1)k+1 i (_1)k+u) .
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Proof. The matrix equation (19) can be written in coordinates as
n
*y;;l + Z (umj -+ )\’Umj -+ )\quj) yj = )\4ym, m = ]., 2, e n, (22)
j=1

where U = (Um;),V = (vm;) and Q = (gm;) are given n x n matrices. The initial
conditions (20) are in the form

Ym(0,0) = 1,9/ (0,0) = (—=1)*iA2, k=1,2. (23)

Therefore the problem (22), (23) is equivalent to the integral equation

ymk(x, )\) — 6(—1)k+1i>\2x+
r Sin A2 (z — t) —
+ / %) D (i (£) + Aomj (£) + N (£)) e (t, Nt (24)
0 j=1

We seek the solution of (24) in the form

(2, A) = eCVTINE R0 bz (2 V)] (25)

where zpnk(z, A) is an unknown scalar function and the scalar functions R, (x) are
defined as the solution of the system of integral equations

Rt (2) = 14 (<1 @)™ [ 3 gy ()t (26)
o J=1

After substituting (25) in the equation (24) we have

. 1 — 2i(-1)F A2 (t—z) 1
(1, 0) = (=1) / hE S (g () + Aoy (£)) Ry (£)dt+

0 J=1

+ (_1)k (22,)71 /62i(—1)k+1)\2(t—w) quj(t)Rjk(t)dt—l—
0

Jj=1
x

1 1 — 2i(=1) "N (t—z) ™ )
+ (1) / e D (U (8) + Mvmj () + N (1)) 2 (£, Ndt. (27)
0 J=1

If we define the vector function Ri(z) = (Ryix(x), Rog(z), ..., Rnk(x))T, then from equa-
tions (26) we obtain

%Rk(x) = (=D (20) 7t Q(#)Ry(x), Re(0) =0, k=1,2.
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If we set Zy (@) = (21%(2), 22k (), ..2nk(2))”, then the system of equations (27) is written

as
. 71— i1 (1)
Zi(@,A) = (=1) / i (U(E) + AV () Ry (t)di+

0

T

+(—1)* (20)”" / FD TN Q1) Ry (1) i+
0

x

_2i(—1)R N2 (t—x)
b (—1)EH / 1—¢ s (U(t) + AV () + X2Q0) Zu(t. Ndt.  (28)

0

We seek the solution of the integral equation (28) in the form

“+oo
Zu(w,\) = / Ay (1) e"D72%0 g N e 5, (29)

[(—D*v—1]5

where the kernel functions A, (z,t) (I = k + § ((_1)k+1 + (_1)k+u) yk=1,2,v =
0,1,2,3) will be defined later. Substituting (29) in the system (28), we have
+o0
/ Ay (z,1) eV 2N gy
()t —1]5

x

. 1— 622‘(—1)’°+1/\2(t—m)
— [ s (U(1) + AV (1)) Ri(t)dt+

0

T

+(=1)* (20) ! / 2D N =) 0 (1) Ry (1)t +
0

x

+(1)’“+1/1_"’2i(1) U U + AV +22Q) dix

2i\?
0

+oo
[ A (30)
(ol
Now by using the formulas (see [28])
) o0

v ‘
= (—1)" % (s—2) 7V 2% q N e g, (31)

e(—1)"2iA%z

20\
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and

—1)¥2iA%z 2
‘ )Qi)\g = = (*1)11/6(71)”2”‘%6&
0

we convert the right hand side of the equation (30) similar to the left one. Here 7( M) =

2 2T () 1 =0,1,2,3.
If we assume k 4+ v to be an odd number, after some integral order changings in the

righthand side of the equation (30), we have

—+oo

—X

0 x4+t ) x4+t )
= /e(’l)yzi’\%dt /U( )Ry (s)ds + jlﬁ / (x4t —5)" 2V (s)Rp(s)ds+
—x 0
(71)u+1 r+t—s
Qe+ R+ ) + / s [ Av(s.€)de-
0 —s8
x t (y) r+t—s
— [U(s)yds [ Ary(s,€)dg+ L V<s> ds | (x+t—s—€) 72 A, (5,6 di-
Jroe] e
(v)
—\W;ﬁ_t V(s)ds_/(t—g) Aly(s,g)d5+—/Q Ay (s,8)ds—
v(s,t—s+x)ds p +
+ +/006(_1)U2M2tdt %V)/L [(x+t— D t‘%] V (s) Ry, (s)ds+
0 m 0
x r+t—s x t
— [ U(s)ds A1, (8,6)de— [ U(s)ds | Ay, (s,6)dE—
[y | [ren]

m/V dS/ t—§)_§A17u (S,f)df‘i‘

r+t—s
(w+t—5—8) 77 A, (s,6) dé+

\ﬁ
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/ s)A1u (s, dfi/Q VA1, ( ,s+x)ds}.
0

Consequently, if the integral equation

x4+t (V) x4+t

Of U (s) Ri(s)ds + 2= f (z+t—8)" 2V (s) Rp(s)ds+
+ OV Q(a + ) Ry + ) + Of U (s)ds Hf‘fsAl,y (s,€) dé—
— f U (s)ds f Ay, (8,€ s) dsx

rx+t—s

x [ (wtt—s—€ A, (Saﬁ)df—

S v [ et s- 9 A o der
) jmsml,y (s,1) ds—
Ay (ot) =4~ (F IQ(S)AL” (s;t—s+x)ds, if —x<t<0, (32)
\/%Of [ tt—s)F —t*%] V (s) Ru(s)ds+
e’ o de- [UEds [ A9
T Vs -9 A 9 der
+”}; fV(s)ds Hf_s(x Ft—s—€)7F Ay, (s, ) de+

—S

(s)Ar (s,6) ds—

‘ =)

O%HO%R

Q
Q

(s)A1, (s,t—s+x)ds, if t>0,

is satisfied for each z € [0, 7], then the vector function Y (z,A) constructed by the
formula

Yi (z,0) = eV N [ By / Ay (z,t) D20 gy
is the solution of the integral equation (23) for all A € S,, where k+v (k=1,2; v =0, 3)

is an odd number. Similarly we obtain that if k+v (k = 1,2; v =0, 3) is an even number
and the equation
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AQ’V (LL‘, t) =

r—

f U(s)Ry(s)ds + mft_ﬂ/ s) Ri(s)ds—

0
. Ui @t =)V () Rus)dst
x t
D Q(x — t)Ry(z —t) + [U (s)ds [ As, (s,€) dé—
0 0
x s—x+t
— [ Ul(s)ds [ As,(s,€)dé+
x—t 0
v) T t i
+$§%Ofv(s)dso“t‘fﬁ Agy (s,€) dé—
v z s—x+t .
Y L VEs [t - 97 A6 de
_(_211'),/ Of@( VA2, (s,t) ds+
(=" . (33)
+ [tQ( YAz, (s,t—xz+s)ds, if 0<t<uz
ey P “2| V (s) Ry(s)d
mof{ t( z+5) ] (s) Ri(s)ds+
+ [U(s)ds [ Az, (s,€ s) dsx
0 0
t 1
Xf(FQTMAMM&
t_(f)"‘z t—z+s 1 .
+j;ﬂgV(s)ds J [( - (t—xz+s5—¢) 2}X

X Aoy (8,€) d f $)As, (s,t) ds+

(1) fQ YAz, (s,t —x+s)ds, if t>u,

is satisfied for each z € [0, 7], then the vector function Yy (z,A) constructed by the

formula

+oo

n@M:&NWW<mw+/@“mMmmﬁﬁ

0

is the solution of the integral equation (23) for all A € S,.

Now we use the method of successive approximations to prove the existence of the
unique integrable solutions of the integral equations (32) and (33). We will prove it only
for the equation (33). The statement can be proven for the equation (32) by the same way.

We define for the equation (33) the successive aproximations Ag?l), (z,t),p =0,1,2,...,
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by the following formulas:

“2V (s) R(s)ds—

f t <s>Rk< )

(x+t—s)" % V (s) Ri(s)ds+

Q(‘r_t)Rk(l'_t) if 0<t<u,
j/ﬂof[t —(t—x+s)” %} V (s) Ry(s)ds, if t >z,

AY) (z,t) =

s—x+t

fU(s>dsftAé%’;” (,6)de— [ Us)ds | AP (s,€) de+
0 0 x—t 0

+”jﬁfV(s) dsoft(t—g)é AP (5,6) de — }% L V(s)dsx

s—att—8) 2 APV (s,6) de—

(
22” J Q)AL Y (s.t) ds+
0

+ 2 fQ( )Aépyl)(st—at—&—s)ds, if 0<t<um,

s) dsx

x f <t—£>*fA§’,’;1 E)der
t— x+s
t—x+s

mfv Of [(t—g)*%—(t—ﬁs—g)*% X

x AP (s,6)de — G [ Q) AT,V (s, 1) ds+
0

+(212) fQ p 1)(775—33-1—8)(18, if ¢t> .

From the equation (34), we easily have
+00
/ 42
0

< [ [= 9101+ @55 VI )+ 12l 5)] 1Rl (s

0

(z,t)dt <

for some constant C' > 0. Here ||-|| is a matrix norm defined as

Al = masx Zlaul

(34)

(35)
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for n x n matrix A = (a;;) . From the equation (35), we analogously obtain

+oo
[ 48| @ tyar < / 2= 3) U] () + (& — ) V][ () + Q]| ()] dsx
0 0
+oo
X / HA(QP;LI)‘ (s,t)dt, p=1,2,....
0

By induction, we have

HA(P)

z,t)dt < C max |[Ryl| () [0 (@)™, p=0,1,2,

o\—é—

Here
/ (@ —5) U] () + (= )2 [V]| (s) + |Qll (5) | ds
0

Therefore the series

S [ ag o

POO

converges absolutely and uniformly with respect to « . Consequently the integral equation
(33) has a unique integrable solution and

A2 v (& t)dt S Cleo(w) -1
[ Az, [| ()

is satisfied for each x € [0, a] where C} > 0 is a constant.
By the same way we prove that Eq. (32) has the unique solution A4, , (z,t) for which
the inequality
+oo
/1
—x

is satisfied for some C; > 0 .Theorem is proved. <

| (z,t) dt < Cae”® —1

Theorem 2 implies the following result:

Corollary 1. Under hypothesis of Theorem 2 the problem (19)-(23) has a unique con-
tinuous vector solution which is represented in the form of (21) and this vector solution
is analytic in .
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Proof. We will show this only analticity; other statements are direct results of Theorem
2. Let € Syy1 NSy, v=0,1,2,3, i.e. argA = % It is easy to see that in this case
the system of equations (24) has the unique continuous solution Y = (y1, ¥z, ..., yn)"; on
the other hand, by Theorem 2, this solution can be expressed by either (21) or

+oo
yj (2, 0) = eV Ry () + / Apyr (,8) D720 G | (217)

[(_1)j+v+1_1] z

Therefore (21) and (21’) coincide for arg A = % Since the solutions (21) and (21’)
are analytic for A € S, and A € S, respectively, we have that the solution of the problem
(19) -(20) is analytic on the complex plane.

Theorem 3. IfU (x) € C[0,a],V (z),Q () € C[0,a], then the vector functions

B
oAby (2.) (k=12 v=0,1,23)

are integrable on ([(—1)k - 1} 5 —I—oo) and the inequality

+oo
0
/ ‘&cAk’V (z, t)’ dt < +o0
[(-D*-1]5

holds for each x € [0,7].

Proof. Consider the formulas (34) and (35). Formal differentation of the series (36) with
respect to x gives

= g
3 / AL (o t) . (37)
0

Show that the series (37) is absolutely and uniformly convergent. Rewrite Eq. (36) as

x—t (v) Z
J U(s)Ri(s)ds + j}% ft_%V (z — 8) Rg(z — s)ds+
0 t

1

- t’i) V(x —s) Rp(z — s)ds+

Nl

0 +3 ft((t—s)*
AD) (a,t) = Ve
+ Y Qr — )Ry — 1), if 0<t<u,

il / [t_% —(t - 8)7%} V(x —s) Rp(z — s)ds, if t> .
\/ﬂo , =

If we compute the derivative in x, we have
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)Ri(x —t) + S L [Q(z — t)Ry(z — 1) |+

D, AY) (x,1) =

which implies

x

S/[IIUH(SHHQII () + QM (5) + (= ) [V ()] [ Bic|| (s)ds + CVw, C>0.

0

Similarly, the formulas

D, AY) (x,t) =

L~

_ -1 _
U ()AL, (5,5 — 2 4 1) ds — Q) Ag, D () +

t
(—1)” (p—1)
0
w ¢
ot -1 (p—1) _
%u) /9” . s7+t(5 it 5)_% D [V (5) AP=1 (s 5)] d¢, 0<t<uzx
T t
DAY (w,t) = / ds / D, [U () ALY (s,€)| dg — %Q@)A%’J Y (@, t)ds+
0 t—x+s
(1"
- (p—1)
el I oL o) R

t—x
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xT t—x+s

~fas [ Je-ars-97t - -0 D [0 (AL 0] de. 1>

0 0
imply
+oo p+l
/‘DxA’jgact t<— /hms +
0
p
+Cvz /h(m,s)ds , p=0,1,....
0
Here
/[01 \/>(9c—s) o2(s)| | Rkl (s)ds, 0<s<u,

0
a1(s) = Ul (s) + QI (s) + [1Q"]| (s),
o2(s) = IV (s) + V']l (s) -

Therefore we obtain

/ |

Theorem 3 is proved. |

7 fh(m s)ds

/h(m,s)ds—i—C\/E €o

0

Definition 1. The integral ﬁf (t —u)~* f(z,u)du is called a Riemann-Liouville

fractional integral of order a (0 < o < 1) with respect to the variable t of the function
f(z,t) (t > a) and it is denoted by I3, f(x,t) :

t

1 a—1
m/(t—u) f(x,u) du.

a

def

atf(‘r t)

¢
Definition 2. Let f (z,.) € Ly (a ;4+00) . The expression ﬁ%f (t—u)" " f(z,u)du

is called a Riemann-Liouville fractional derivative of order o (0 < av < 1) with respect to
the variable t of the function f(x,t) and it is denoted by Dg ,f(wx,t) :

t
o de 1 a —« 8 a
Dy, f(z, 1) lef ma/(t—u) f(z,u)du = a[;t (z,u)du.

a
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Theorem 4. IfU (z) € C[0,a], V (z),Q (z) € C'[0,a] the Riemann-Liouville frac-
1\ P+l
tional derivatives Dét Agy (z,t) (p=0,1v=0,1,2,3) are integrable on the semi-

azis (0;400) for each x € [0, 7] and the following equalities hold:

o (0 1\ B
% (%AQ,U (l'yt) + <D0,t) A27V (;p,t)) —

= U(@) Az (2,8) + 1V (2) (D5, ) Az (2,) +287Q () (Dét)2 Ag, (), (38)
2 (-1 o L5 () = Q) B(w) 4V (2) B (0), (39)

d v v v
0" (@) =" Q@)8" (2)+

+ (U(x) + iQZ(ax) + Q’@)) Ri(2) + 1"V (2) 85" (). (40)
Here

§(@) = {15 Az (@) Lo} B @) = {13, (D3 ) Avs (@8) li=o }

v _k im 1 v
) =27 B @ h g S ()M ()M k= 0,150 =0,1,2,3,

v /L v
) =5 1"

1\ P+l
Proof. Integrability of the fractional derivatives (Dé,t) Ay, (z,t) on the half line

1 1 1
are obtained by application of the fractional integral operators Iy, , Ig, (Dg_’t) to

Eq. (26) and by using Theorem 2 and Theorem 3. Integrability of the fractional
1\ P+l
derivatives DOQ,t> Az, (z,t) will be also obtained if we prove the formulas (38), (39),

and (40). Now let us prove these formulas. If we make the substitution
Yi(w,A) = e TN Ry (1) + Zi (2, V)]

in Eq. (19), we have
Zp +2i (-1)"TH N2z, =

k
= (U(z) + \V(x))Zy + <U(m) + %QQ(.’L‘) + %Q’(m) + AV(x)) Ry (z). (41)
In the last equation, we put
+oo
Zp(z,\) = / Aoy (z,t) eV 200G X e S, (42)
0
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Before doing this, note the following equalities, which are obtained by help of the
formula (31) and the properties of the fractional integrals and derivatives:

+o0 oo
vosy2 1 Vs
A (z,\) = A / Ay (z,t) TV 2N g — m?ﬁ /Ag,y (z,t) eV 2N gy —
0

—+0o0 o0
) }
:21‘)\2/A27V(z,t)dt () A [ (s — 1) B0 2N | =
NG
0 t
+oo

(v) h
- v+1 V1 502 (—1)¥2ir%s -3 _
= (1) g4 e ds | (s—1t)"2 Ay, (z,t)dt =
e ’
0

+oo
Vo 1
= ()2 [0 g (o) dt =
0

+o00
vy 2 1
’y}l’) / e(=D72A tD(itAg,,, (z,t)dt =

0

1
= W1 Az (@ 1)+

+oo
Vo 1
_ 7§V)/80V) (z) + ’Y;U) / (-1 21/\2tD027tA27V (z,1) dt,

0

ie.
+oo

Vo 1
AZp (2, A = 488 () + A1) / EVENEDE Ay (2,t) dt.
0

(43)

Analogously, we can write
o0 5
v) (v v —1)¥2i)2 3
1B (@) + 45" / VN (D) Az (1)t (44)

A2Zp (2, A = M 8 () +
0

As we have mentioned above, from the formulas (43) and (44) we have integrability
of the fractional derivatives DO A2, (z,t) and (Do t) Az (z,t) . Now, if we use the

formulas (42), (43), and (44) in Eq. (41), we obtain

Ol

“+oo
2 o
/ |:Dw(DmA2,y(-/E,t) —1—22'(—1)”“75”) (D t) Ay, (x,t)} e(-D¥ 20N gy

0
/

+2i (~1)"* (1”857 (@) + 247 81 (@) =
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k
_ <U(m) + iQQ(x) + (_Q? Q') + AV(x)) Ri(2)+

17867 @)V () + 95781 (2) Q) + 21”57 () Q)+
+oo
N / {U(x)Ag,y(x,t) +7§V)V(x)DO%,tA2,y (1) +72”)Q( ) (Dét)Q As, (;c,t)} o~ 20Nt gy
0

Since
2 (~1)" 3 L4 (@) =

2 dZC 1
() 5(») () 5(») 1oy (=D
=m By (@)V(2) + 7787 (2)Q) + | Ule) + 1Q%(@) + =@ (z | Ri(z)  (45)
and i
20 (=) 3" =80 (@) = 21785 (@)Q(w) + V() Ri() (46)
we obtain
+oo L2
/ {Dw(Dwa(x, B +2i (-1 987 (D5,) Az (=, t)} (-7 2iN gy
0
oo 1 1\ 2
~ [ [0 A2l + oV (01D A 0.0+ 287Q(0) (D) Ay (o) 072,
(47)
Now the formulas (38)-(40) are obtained from (45)-(47). Theorem is proved. <

Similarly, we can prove the following theorem:

Theorem 5. If U(z) € C[0,a], V (z),Q(x) € C'[0,a] the Riemann-Liouville
p+1
fractional derivatives (Diw t) Ay (z,t) (p=0,1v=0,1,2,3) are integrable on the

semiaxis (—x;+00) for each x € [0, 7] and the following equalities hold:

9 (9 by’ _
o (a Avy (w,t) = (D2,,) Ary (:r,t)) =

= U@)Ary (@.8) + 91V (@) (D2,) Ay (@) +
JF’YQV)Q( ) (Dzz t) A1y (2,1),

2i (~1)" vf’%aé”)( )=1"Q () g (2) +V () Bi (2),
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(_1)V+1

+ (U(a:) + EQQ(x) + 9

Q’<x>> R (z) + 1V () ol ().

Here o) N N
%V (z) = {IEw,tALV (1) le=0+ _IEw,tAl,l/ (1) l=0- }7

Ofgu)(w) = {éx,t (Dic,t) A1y (7,1) =0+ —L%x,t (Dic,t) Ay (z,1) |t=0*} .
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